$\bar \partial$-法と佐藤理論との関係について (可積分系研究における双線形化法とその周辺) by ウィロックス, ラルフ
Title$\bar \partial$-法と佐藤理論との関係について (可積分系研究における双線形化法とその周辺)
Author(s)ウィロックス, ラルフ












$[1, 2]$ \partial --
















’Postdoctoral Fellow at the Fund for Scientific Research (FWO), Flanders (Belgium)




$F(z,\overline{z})$ : $\mathbb{C}arrow \mathbb{C}$ -
$F(z_{0}, \overline{z}_{0})=\frac{1}{2\pi i}\oint_{\partial D}\frac{F(z,\overline{z})}{z-z_{0}}\mathrm{d}z+\frac{1}{2\pi i}\int_{D}\int\frac{(\partial_{\overline{z}}F)}{z-z_{0}}\mathrm{d}z\wedge \mathrm{d}\overline{z}$, $(z_{0}\in D)$ (1)
( $D$ $\mathbb{C}$ open set $\text{ }F\in \mathrm{C}^{1}(\overline{D})$ [9] (1)
$[1, 3]$ T
(1) ) $\mathrm{R}^{2}$
$\iint_{D\in \mathbb{C}}f(z,\overline{z})\mathrm{d}z\wedge \mathrm{d}\overline{z}=-2.i\iint_{D\in \mathrm{R}^{2}}f$
($x+iy$ , x-iy) dxdy
$F(z,\overline{z})$ $D\subseteq \mathbb{C}$




$F(z_{0}, \overline{z}_{0})=\frac{1}{2\pi i}\oint_{\partial D}\frac{F(z,\overline{z})}{z-z_{0}}\mathrm{d}z$
(1) Cauchy
$\overline{\partial}F(z,\overline{z})$ $F(z,\overline{z})$ “departure from analiticity” ( )
- $F(z,\overline{z})$ -
$F(z,\overline{z})$ - $R(k,\overline{k};z,\overline{z})$
kernel $F(z,\overline{z})$ - -
$F(z, \overline{z})=\int_{\mathbb{C}}\int R(k,\overline{k.};z,\overline{z})F(k,\overline{k.})\mathrm{d}k\wedge \mathrm{d}\overline{k}$ (2)
(2) $\overline{\partial}$- (1) i $\lim_{|z|arrow\infty}F(z,\overline{z})=1$
$F(z,\overline{z})$
$F$ ( $k_{0}$ , )


















(4) - KP Zakharov-Shabat (ZS)
$, \mathrm{C}_{\Lambda I}:=\sum_{:m=\{n\}}U_{m}\prod_{i=1}^{\infty}\partial_{x}^{n_{i}}\dot{.}$
( $M= \max_{m=\{n_{i}\}}\{\sum_{k=1}^{\infty}kn_{k}\}$ $L_{M}$ order )
$L_{M}[F(z,\overline{z})]$ - (4) (4)
$zarrow \mathrm{i}$
O
$L[F(z,\overline{z})]=0$ $\Rightarrow$ $L_{M}[F(z,\overline{z})]=0$ ,
$F(z,\overline{z})$ $F(z,\overline{z})$
$F(z,\overline{z};\mathrm{x})=1+F_{1}z^{-1}+F_{2}z^{-2}+\mathcal{O}(z^{-3})$
$L_{M}[F(z,\overline{z})]$ “ ” $z^{n}(n\geq 0)$ 0 order $M$
$L_{M}$ $\mathrm{K}\mathrm{P}$ ( KP ) ZS
3
$L_{2}=\partial_{x_{2}}-\partial_{x_{1}}^{2}-2z\partial_{x_{1}}-2u$ $(u:=-(F_{1})_{x_{1}})$
$L_{3}=\partial_{x_{3}}-$ $x_{1}-3z \partial_{x_{1}}^{2}-3(u+z^{2})\partial_{x_{1}}-\frac{3}{2}(u_{x_{1}}+w+2zu)$ $(w_{x_{1}}=u_{x_{2}})$
.$\cdot$.
$L_{2}$ $\mathcal{L}_{3}$ $\mathrm{K}\mathrm{P}$ $\mathrm{Z}\mathrm{S}$
$[L_{2}, \mathcal{L}_{3}]_{-}=0$ $\Leftrightarrow$ $(4u_{x_{3}}-u_{3x_{1}}-12uu_{x_{1}})_{x_{1}}-3u_{2x_{2}}=0$ (6)
$\mathrm{K}\mathrm{P}$ (6) $F(k,\overline{k};\mathrm{x})$
$u( \mathrm{x})=\frac{1}{2\pi i}\partial_{x_{1}}\int_{\mathbb{C}}\int \mathrm{d}\approx\wedge \mathrm{d}\overline{z}\int_{\mathbb{C}}\int \mathrm{d}k\wedge \mathrm{d}\overline{k}e^{\xi_{k}(\mathrm{x})}R(k,\overline{k};z,\overline{z})e^{-\xi_{z}(\mathrm{x})}F(k,\overline{k};\mathrm{x})$ (7)
KP :
(7) [ kernel $R_{0}(k,\overline{k};z,\overline{z})$ separable
I (k, $\overline{k};z,\overline{z}$) $\equiv\sum_{\ell=1}^{N}h_{\ell}(k)h_{\ell}^{*}(z)$
KP $u(\mathrm{x})$ $N\mathrm{x}N$
$u(\mathrm{x})=\partial_{x_{1}}^{2}\log(\det[I-A])$
$(A)_{m\ell}= \frac{1}{2\pi i}\int_{\mathbb{C}}\int \mathrm{d}k\wedge \mathrm{d}\overline{k}h_{m}(k)e^{\xi_{k}(\mathrm{x})}\int_{\mathbb{C}}\int\frac{\mathrm{d}z\wedge \mathrm{d}\overline{z}}{z-k}h_{\ell}^{*}(z)e^{-\xi_{z}(\mathrm{x})}$
$(k, \overline{k.};z,\overline{z})$ tempered distribution delta
I (k, $\overline{k};z,\overline{z}$ ) $= \frac{\pi}{2i}\delta(k-p)\delta(z-q)$ (8)
KP 1- kernel
$u(\mathrm{x})=$ $x_{1}\log$ $(1+ \frac{e^{\xi_{p}(\mathrm{x})-\xi_{q}(\mathrm{x})}}{p-q})$
4
kernel :
, KPI KP 2 KP
$\mathrm{B}^{\mathrm{I}}\mathrm{J}$ $\text{ }$ $U(x, y, t)=-u(-ix_{1}, \gamma x_{2}, -\frac{i}{4}x_{3})$ [
$(U_{t}+U_{3x}+12UU_{x})_{x}+3\gamma^{2}U_{2y}=0$
$\gamma=i$ KPI , $\gamma=-1$ KP
potential $U$ ( $\lim$ $U=0$)
x2+y2\rightarrow O
$\mathrm{K}\mathrm{P}$
$\mathcal{L}_{2}[F]=\gamma F_{y}+F_{2x}+2i\lambda F_{x}+2UF=0$ (9)
- kernel [1, 2, 3]







KPI } [ (9) time dependent Schr\"odinger equation [
$F(z,\overline{z})$ ${\rm Im}(z)=0$ sectionally meromorphic
kernel
$R_{0}$ ( $k,\overline{k^{\wedge;}}z$ , z-)=I $(k; z)\delta(k-\overline{k.})\delta(z-\overline{z})$









$F(z,\overline{z};\mathrm{x})$ $\psi_{z}(\mathrm{x})=F(z,\overline{z};\mathrm{x})e^{\xi_{z}(\mathrm{x})}$ - (4)
\psi z(x) $= \iint_{\mathrm{c}}$ I (k, $\overline{k};z,\overline{z}$ ) $\psi_{k}(\mathrm{x})\mathrm{d}k\wedge \mathrm{d}\overline{k}$
Riesz-Schauder Fredholm
dual
\psi z*(x) $=- \int_{\mathbb{C}}\int R_{0}(z,\overline{z};k,\overline{k})\psi_{k}^{*}(\mathrm{x})\mathrm{d}k\wedge \mathrm{d}\overline{k}$
dual
$\overline{\partial}$- $\psi_{z}(\mathrm{x})$ $\psi_{z}^{*}(d)$ KP [10]






$\psi_{z}(\mathrm{x})$ ( $\psi_{z}^{*}(\mathrm{x})$ ) wave function ( adjoint wave




$\tau(\mathrm{x}-\epsilon[k])=\tau(\mathrm{x})+\oint_{\mathrm{C}_{\lambda}}\frac{\mathrm{d}\lambda}{2\pi i}\oint_{c_{\mu}}\frac{\mathrm{d}\mu}{2\pi i}\frac{e^{-\xi_{\mu}(\mathrm{x})}}{\mu-k}h(\lambda, \mu)e^{\xi_{\lambda}(\mathrm{x})}\tau(\mathrm{x}-\epsilon[\lambda])$ (10)




kernel $h.(\lambda, \mu)$ $\tau$ explicit
$h( \lambda, \mu;\mathrm{x}’)\equiv\frac{\tau(\mathrm{x}’-\epsilon[\mu]+\epsilon[\lambda])e^{\xi_{\mu}(\mathrm{x}’)-\xi_{\lambda}(\mathrm{x}’)}}{(\mu-\lambda)\tau(\mathrm{x})},-\frac{1}{\mu-\lambda}$ (11)
6
kernel $h(\lambda, \mu\ovalbox{\tt\small REJECT} \mathrm{x}’)$ $\mathrm{x}’$
(10)






$\overline{\partial}$- (10) kernd $h(\lambda, \mu)$ separable
$h( \lambda, \mu)=\sum_{\ell=1}^{\infty}h_{\ell}(\lambda)h_{\ell}^{*}(\mu)$ ,
$\tau$
$\tau(\mathrm{x})=\det[I-A]$
$A_{nm}= \oint_{C_{\lambda}}\frac{\mathrm{d}\lambda}{2\pi i}h_{n}(\lambda)e^{\xi_{\lambda}(\mathrm{x})}\oint_{c_{\mu}}\frac{\mathrm{d}\mu}{2\pi i}\frac{h_{m}^{*}(\mu)e^{-\xi_{\mu}(\mathrm{x})}}{\mu-\lambda}$






$[\psi_{i}, \psi_{j}]_{+}=[\psi_{i}^{*}, \psi_{j}^{*}]_{+}=0,$ $[\psi_{i}, \psi_{j}^{*}]_{+}=\delta_{i+j,0}$ ; $H( \mathrm{x}):=\sum_{n=1}^{\infty}x_{n}\sum_{j}\psi_{-n}\psi_{j+n}^{*}$
$g= \prod_{j=1}^{\infty}0$ $+\Phi_{j}\Phi_{j}^{*}$ ) $\overline{GL}(\infty)$
$h(\lambda, \mu, \mathrm{x}’=0)$ ! $g$ [ $L(\infty)$ C [ { $g=e^{X}$
$X\in\overline{\mathfrak{g}l}(\infty)$





I (k, $\dot{\overline{k}};z,\overline{z}$) $= \frac{1}{2\pi i}h(\lambda,\mu)\delta c_{\mu}(z)\delta_{C_{\lambda}}(k)$ (14)
$\mathrm{C}_{\lambda}$










$\mathrm{K}\mathrm{P}$ 1– kernel (8)
I (k, $\overline{k};z,\overline{z}$) $= \frac{\pi}{2i}\delta(k-p)\delta(z-q)$
$\equiv\frac{1}{2\pi i}\delta(p/\lambda)\delta(q/\mu)\mathrm{x}\delta_{C_{\lambda}}(k)\delta_{C_{\mu}}(z)$,
(14) 1– kernel $h(\lambda, \mu)$
$h(\lambda, \mu)\equiv\delta(p/\lambda)\delta(q/\mu)$
kernel $\tau$ (12) (13)
8
$\mathrm{r}(\mathrm{x})\ovalbox{\tt\small REJECT}(vac\mathit{3}e^{\ovalbox{\tt\small REJECT})}(1+\psi(p)\psi’(q))|\ovalbox{\tt\small REJECT} c)\ovalbox{\tt\small REJECT} 1+e‘ p(\ovalbox{\tt\small REJECT}-‘ q(\mathrm{x})$
$p-q$
(16)
( ) $\tau$ kernel $h(\lambda, \mu;\mathrm{x}’)$
tempered distribution (11) kernel
1- $\tau$ (16) (
(11) ) kernel $h^{S}(\lambda, \mu)$





kernel (17) tempered distribution test
- (15) $\mathrm{C}_{\mu}$
test 2 (17)
kernel Gel’fand [11] ! $\mathrm{Z}’$ generalized function
5
(
tempered distribution kernel ) \partial --
( -
) [6] kernel (11) I $\tau$
$\tau$ $x_{1}$ $x_{2}$
$h(\lambda, \mu;\mathrm{x}’)$
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